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Abstract. This paper proposes a natural deduction system CNDS* for classical
S4 modal logic with necessity and possibility modalities. This new system is an
extension of Parigot’s Classical Natural Deduction with dual-context to formulate
S4 modal logic. The modal Au-calculus is also introduced as a computational
extraction of CNDS*. It is an extension of both the Au-calculus and the modal
A-calculus. Subject reduction, confluency, and strong normalization of the modal
Au-calculus are shown. Finally, the computational interpretation of the modal Ay-
calculus, especially the computational meaning of the modal possibility operator,
is discussed.

1 Introduction

Classical Natural Deduction (CND) [16] is a natural deduction system for classical
logic. It is introduced to extend the paradigm ’proofs as programs’ to classical logic.

Proofs as programs is known as the Curry-Howard correspondence, which is an iso-
morphism between proofs in logical systems and programs in computational systems. It
is studied widely, since it gives computational aspect in logical systems and theoretical
foundation of programming languages. The typical example of the correspondence is
the one between intuitionistic propositional logic and the simply typed A-calculus.

Griffin [[7] extended the Curry-Howard correspondence to classical logic by discov-
ering the connection between the type of call/cc and Peirce’s law. The Au-calculus
introduced by Parigot [16] corresponds to CND in the same way that the A-calculus
corresponds to intuitionistic natural deduction. The Au-calculus has played a cen-
tral role for studying the Curry-Howard correspondence of classical logic in many
approaches such as semantics, abstract machine, functional programming with ex-
ception handling, and the computational duality between call-by-value and call-by-
name [T7UT512120051812310ITTID.

The Curry-Howard correspondence is also extended to intuitionistic modal logic.
Davies and Pfenning [4] showed that the A-calculus with the S4 modal necessity op-
erator O provides a theoretical framework of staged computation by interpreting a for-
mula DA as a type of program codes of type A. Staged computation is a computational
mechanism that is used for programming techniques such as dynamic code genera-
tion and partial evaluation [22]]. This mechanism is realized by specifying stages where
partial programs should be executed. A partial program that can be used at the cur-
rent or any later stages is treated as a program code at the current stage. Type the-
oretic approach of staged computation based on intuitionistic modal logic is studied

actively [443l6/18/13.24].
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The purpose of this paper is the following two points. First, we aim to extend the
paradigm ’proofs as programs’ to classical modal proofs. We extend CND to classical
S4 modal logic, and construct a term calculus that corresponds to the extended system.
Second, we aim to give a computational interpretation of classical modal proofs. In
particular, we focus on the computational meaning of the modal possibility operator.
The A-calculi with both the modal necessary and possibility operators were introduced
in [1U18]. However, since they were constructed based on the analysis from a logi-
cal viewpoint, it is still unclear how the possibility operator is interpreted in staged
computation.

Some computational systems for classical modal logic have been proposed.
Kakutani [10] introduced the Au-calculi for classical normal modal logic starting from
categorical semantics, and extended the computational duality in classical logic to clas-
sical modal logic. Shan [21]] gave a term calculus that corresponds to sequent calculus
for classical S4 modal logic.

This paper presents an extension of classical natural deduction CNDS* for classical
S4 modal logic. This system is a natural deduction system with multiple conclusions
to formulate classical logic, and dual-context to formulate S4 modal logic. CNDS* has
both the modal necessity and possibility operators as primitives. We then introduce the
AuS4-calculus as the extracted computational system from CNDS*. It extends proofs
as types of classical logic to classical modal logic. The Au’*-calculus satisfies subject
reduction, strong normalization, and confluency.

As for the formulation of classical S4 modal logic in natural deduction style, the
one given by Prawitz [19] is known well. However, normalization in Prawitz’s system
does not hold. Medeiros pointed out it, and showed normalization by giving a modified
system [[12]. This paper gives a stronger result than Medeiros’s one, since strong nor-
malization and confluency of CNDS* is obtained from the results of the Au%*-calculus.

We also discuss computational interpretation of the Au®*-calculus. This calculus pro-
vides both mechanisms of staged computation and exception handling, because it is an
extension of both the modal A-calculus and the Au-calculus. A computational interpre-
tation of the possibility operator can be obtained via the duality of classical modal logic:
OA is a type of programs that can be used at some later stage. We consider an appli-
cation of the possibility operator by giving a program example of staged computation
with exception handling.

This paper is organized as follows. Section [2] introduces the classical natural de-
duction CND®*, and shows its provability is equivalent to classical S4 modal logic.
Section Bl gives the AuS*-calculus as the corresponding system of CNDS*. In Sectiond]
we show subject reduction, strong normalization, and confluency of the Au**-calculus.
Section 3] gives some discussions on the computational interpretation of Au**. Finally,
we conclude the paper in Section[6l

2 Classical Modal Propositional Logic

We propose a natural deduction system for classical S4 modal logic (called CND*) ex-
tending Parigot’s Classical Natural Deduction (CND) [16]. CND is a natural deduction
system for classical logic, and has sequents with multiple conclusions. Though Parigot
gave CND for the second-order classical predicate logic, we consider the system for the
{D, -, O, O}-fragment of classical S4 modal propositional logic for simplicity.
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Definition 1 (Formulas). Formulas (denoted by A, B, ...) are defined by
A=X|ADA|-A|OA | OA,

where X, Y, Z, . .. are atomic formulas.

Let I, 4, 2, and @ range over finite multisets of formulas.
The sequents of CND3* have the following form:

A],...,An;Bl,...,Bm FND Cl,...,Cp;Dl,...,Dq,

where n,m, p,q > 0. The parts Ay,...,A;By,...,B,and Cy,...,Cp; Dy, ..., D, are
the antecedent and the succedent of this sequent, respectively. Each of them is separated
into two zones by the symbol ;. The classical antecedent and the classical succedent of
this sequent are the parts By, ..., B, and Ci,..., C,, respectively. They are sometimes
called the classical part of the sequent. The modal antecedent and the modal succedent
of this sequent are the parts Ay,...,A, and D;,..., D,, respectively. They are some-
times called the modal part of the sequent. We implicitly assume O at the head of each
A;. We also assume < at the head of each D;. The interpretation of the above sequent is
given as follows: If all of OAy,...0A, and By, ..., B, are true, then some of Cy,...,C,
or &Dy, ..., 0D, is true.

Definition 2 (Inference rules). Inference rules of CNDS* are defined as follows.

shAmp A L0 PO s g ase BN

E,EA FND B,A,@ (:)I) Z,FFNDA:)B,A,@ Z,FFNDA,A,@ (:)E)
Z;FFNDADB,A;@ Z;FFND B,A,@

E,F,A "NDA;@ ( 1) Z;F"ND ﬁA,A;@ Z;FI-NDA,A;@ ( E)

5T b —A 430 T rnp 40 B

2; "NDA ,@ Z;F"ND DA,A;@ Z,A;F'—NDA;(")

5l oo o0 O S0 b 4:0 (OE)

25T Fnp 4;A,0 2 bnp OAL 4,0 XA bnp 5O 2 +np A, 450
Z,F FND OA,A,(") (OI) Z,F "NDA;@ (OE) Z,F I-NDA;A,(") (IR)

The formulas explicitly mentioned in the rules are called active. The active formula
A D Bof (D E), A of (—=F), DA of (OE), or OGA of (OE) is said to be the major premise
of each rule.

(AxC) is the axiom rule for the classical part. (AxM) is the axiom rule for the modal
part. (IR) moves a formula from the classical succedent to the modal succedent. (> 1),
(=I), (al), and (&) are introduction rules. (D E), (=E), (OF), and (OFE) are elimination
rules.

Remark 1. (AxM) implicitly removes a O-operator, since each formula at the modal
antecedent is implicitly boxed. (OF) simply eliminates its major premise OA without
removing the O-operator. Both rules are necessary to show ; kxp OA D A; . Dually,
(IR) implicitly introduces a <¢-operator, since each formula at the modal succedent is
implicitly diamonded. (&) specifies the ¢-operator that is implicitly introduced by
(IR). We need both rules to show ; +np A D OA; .

Remark 2. The separation symbol ; in the sequents of CND* is necessary for nor-
malization. Let CNDS*’ be a natural deduction system obtained by replacing sequents
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2T +xp 4;0 of CNDS by 0, I' + 4, 060. Then normalization of CND*" does not
hold. For example, the following proof is not normalizable.

OB+ OB @i
OB+ OOB 1) DA>DOB+OADOB OAROA (> E)
+ OB D> OOoB OA D OB,0A + OB

(G E)

0OA D OB,0A + OOB

CND%* admits weakening and contraction rules.

Lemma 1 (Weakening). Assume X C X', I CI', AC A, and ® C O'. Then 2T Fnp
A;0 implies X' T +np A5 6.

Proof. The claim is shown by induction on the length of proofs.

In the following, if 2; I" Fnp 4; O is obtained from 27; I +np 4’; © by applying rules
2/;Fl FND A/;@l R R

Ry, ..., R, several times, then we write X;I" +np 4; 0 oo We will write R if an

elimination rule R is used with weakening. For example, (—E)’ is used as follows:

20,20, bnp ~A41,45;0,,0, 25,2315, 13 bnp A, 45,43;0,,0;

_|EI
21,25,23;1, 15,13 bxp 41,452,435, 01, 0,,0; ( )~

Lemma 2. (1) 2, A; I’ np 4; O holds if and only if 23 0A, I +np 4; © holds.
(2) 25T +Np 43 A, O holds if and only if 2 T +xp 4, OA; O holds.

Proof. (1) Assume 2, A;I" Fnp 4; ©. Then we have 2;0A, " Fnp 4; © by (AxC), and
(OE)'. Conversely, assume 2;0A, " +np 4; 0, then we have 23" Fyp —OA, 4; O by
(=1). Here 2,A;I" +np OA, 4; 0 is shown by (AxM) and (Of). Therefore we obtain
Z,A; I kD A; e by (_lE)/.

(2) We obtain 2; I" +np 4, OA; O from 25 I Fnp 43 A, O by using (IR). Conversely,
assume 2; I" Fnp 4, OA; ©. Then we have X I Fnp 4; A, @ by (AxC), (IR), and (OE)’.

Lemma 3 (Left contraction). (1) If X, A, A; I +np 4; 0, then X, A; T +np 4; 0 hold.
Q) If2;T,A,A Fnp 450, then 25T, A +nxp 4; O hold.

Proof. (1) and (2) are shown by induction on the length of proofs.

Lemma 4 (Right contraction). (1) If 2, +xp 4,A,A; O, then 2T Fnp 4, A; O hold.
Q) IfZ;T np 4;0,A, A, then 2, T +np 45 0, A hold.

Proof. (1) Suppose we have 2; I" -xp 4,A,A; @. Then 2 I +np 4, A; O is obtained by:

;7A R A5 25T Fwp 4,A,A50 (=EY

23 -Arnp 4,A;0 ;A Fxp —A; (-EY
: DL -Arw 40 -
SN “—A D A; T o o-A 450
ND ND - EY

2 r FND 4,A;60

We claim that ;Fnp =—A D A; is proved from (AxC) by using (=/) and (=E). (2) is
shown by using (1) and Lemmal[2l
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We sometimes write weakening and left contraction rules as follows.

25 knp 450 2 IA,A Fnp 450 2 A AT bnp 4,0
rirmpaie M srangse Y saregae M
2w A AL 450 2 +np 4;A,A,0
2T b A, 450 (CirCe) T rap 4:A, 0 (CirMy)

where 2 C X', ' CI',4 C A, and ©® C @'. (CtrCg) and (CtrCyp) are the right and
left contraction rules for the classical part. (CtrMg) and (CtrM|) are the right and left
contraction rules for the modal part.

CND%* is equivalent to the classical S4 modal logic in the sense of provability. Here
we remember the sequent calculus style formulation of classical S4 modal logic.

The sequent calculus have sequents of the form I” +sc 4. The antecedent and succe-
dent of a sequent I" +gc 4 is defined by I" and 4, respectively. The interpretation of a
sequent I" Fgc 4 is given as follows: If all formulas in I” are true, then some formula in
A 1s true.

The inference rules of the sequent calculus for classical modal logic are given as
usual. We display only the rules for modal operators:

ol kgc A, 04 A Fgc 4 I +sc A4 al, A ke 04

arrse 0A.04 T® roare s OF i oaa O orioars oa P

where Ol i1s OA4, ..., 04, if "'is Ay, ..., A,, 0418 OBy, ..., OB, if41s By, ..., B,,.
Theorem 1. 2 I" -np 4; O is provable if and only if OX, I Fsc 4, OO is provable.

Proof. The only-if-part is shown by induction on the proof of CNDS*. To show the
if-part, we first show the following claim (we call this claim (¥)): 02, I" rsc 4,060
implies ;0X, I" Fnp 4, ©0; . If we have this claim, we can show 2; I" Fyp 4; © by using
Lemmal2l The claim (*) is shown by induction on the proof of the sequent calculus. We
consider the cases (OR), (OL), (OR), and (OL).

The case of (OR): Assume that 0X,I" Fgc OA, 4,00 is proved from 02,1 Fgc
A, 4, $0. By the condition of (OR), I" and 4 should be o/ and ¢4’ for some I and 4’,
respectively. By the induction hypothesis, we have ;02,07 Fxp A, 047, $O; . Then
we have X, I”; +np A; 47,0 by Lemmalll Thus X, I7; +np OA;4°, © is shown by
(al). By using Lemma[2] again, we obtain ;0,07 +np OA, 04, 00; . The case of
(©L) is shown similarly. The case of (OL) is proved by using the induction hypothesis
and Lemmal[2l The case of (OR) is proved by using the induction hypothesis.

We define the normalization procedure of CND*. Each reduction step of the procedure
removes a formula occurrence (we call cut-formula) that is the consequence of an intro-
duction rule and the major premise of an elimination rule. We distinguish a reduction
step between logical reduction and structural reduction according to the occurrence of
its cut-formula. A reduction step is called logical when its cut-formula is the major
premise of an elimination rule, and it is introduced by the immediate preceding rule.
A reduction step is called structural when its cut-formula is the major premise of an
elimination rule, and it is not active in the immediate preceding rule.

The logical reduction and the structural reduction are defined as well as that of
CND [[16] when its cut-formula is A D B or =A. We give the definition when the cut-
formula is OA or OA.

Logical O-reduction: We assume that the cut-formula has the form OA, and is the
major premise of a (OE) rule, and is introduced by the immediate preceding (O/) rule.
Then we have the following proof:
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: 20,A;T0 Fap A, o3 O
2, Fnp A0 :
5 ND 41, (DI) :
2 r FND OA,4; 60 2A T "NDA;@
E,F FND A,@
This proof is reduced to the proof:

(OE)

2, ko A0
2,20. 10 Fap A, dg; O, 0 (Wk)
I3 rnp 4;0,0
Z; r FND A, e
Logical ¢-reduction: We assume that the cut-formula has the form ¢A, and is the
major premise of a (GFE) rule, and is introduced by the immediate preceding (<¢1) rule.
Then we have the following proof:

(CtrMy), (CtrMg)

Z0:To Fap A, 4o O

0 0 "ND 0 0 (IR)

20; T Fnp 403 A, Oy

I bp 44,0 :
e (o) :

E,F FND OA,A,@ Z,A FND 5

E,F FND A,@
This proof is reduced to the proof:

° (CE)

S:Akp ;0 o :
2, Fnp A0 2010 Fap A, o3 O (-Ey
2,20; 0 Fnp 4o; 0,0,
2,57 rnp 4: O,
2 v\p 4;0
Structural O-reduction: We assume that the cut-formula has the form OA, and is the
major premise of a (OF) rule, and is not active in the immediate preceding rule. Then

we have the following proof:

o
(CtrMy), (CtrMg)

)
2 To Fnp DA, 40; 6y
m .
ZiTbnp OA, 4,0 S AT bnp 4,0 o5
2T rap 450 s
where DA is active in the last rule of 7y, and not active in all rules of 7r;. This proof is
reduced to the following proof:
o
Z0:To Fap OA,40: 0y =, AT Fnp 4,0
E,EO;F,F() FND A,A(); @, @()
m
25T tap 4,40,
25T +np 450

(BEY

o
(CtrCyp), (CtrCg), (CtrMy), (CtrM)
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Structural ¢-reduction: We assume that the cut-formula has the form ¢A, and is the
major premise of a (OF) rule, and is not active in the immediate preceding rule. Then
we have the following proof:

)
20;T0 Fxp OA, 4o; O
L .
2 Fap OALA; 0 2A F ;0
ND ND (OE)
2 kxp 450 ,

where OA is active in the last rule of 7y, and not active in all rules of 7r;. This is reduced
to the following proof:

20:00 bap ©A, 405600 X3 A bnp 30O (GEY
EO,Z;FO,F FND Ao,A; (")0, %)
50T bxp 4,46,
2 r FND 4,0

In the next section, we introduce the /l,uS 4_calculus that corresponds to CND%*. The

reduction procedure of CNDS* satisfies confluency and normalizability. They are ob-

tained from confluency (Theorem H) and strong normalizability (Theorem ) of the
AuS#-calculus.

C)
(CtrCyp), (CtrCg), (CtrMy), (CtrMg)

3 Modal Au-calculus

This section gives the definition of the modal Au-calculus (called A5*).

Definition 3 (Types). Let X,Y,Z... range over type variables. A type of the Au’*-
calculus (denoted by T, U,...) is either the special type L or a normal type (denoted
by A, B, ...) defined as follows:

Types T:=A|L
Normal types A:=X|ADA|-A|DA|CA

There are four kinds of variables for the /lyS 4_calculus, called classical variables, clas-
sical covariables, modal variables, and modal covariables. They are respectively cor-
responding to classical antecedent, classical succedent, modal antecedent, and modal
succedent of sequents in CNDS*,

Then we define expressions of the Au’*-calculus.

Definition 4 (Expressions). Let x,y, ... range over classical variables, a, b, ... range
over classical covariables, y, v, ... range over modal variables, and a, §3, . . . range over
modal covariables. An expression (denoted by E, F,...) of the /l,us 4_calculus is either
a term (denoted by M, N, . ..) or a statement (denoted by R, S, ...). They are defined as
follows.

Expressions E := M |R

Terms M:=x|AxM|MM| Ax.R|ua.R|y|0OM | Sa.R

Statements R :=[a]M |M-M |let Oy be M inR | aM | dia(x.R)(M)

Ax.M binds the classical variable x in M. Ax.R and dia{x.R)(M) bind the classical
variable x in R. pa.R binds the classical covariable a in R. let Oy be M in R binds
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the modal variable y in R. ¢a.R binds the modal covariable @ in R. A variable is called
free in an expression if it is not bound in the expression. The set of free variables in an
expression E is denoted by FV(E).

Terms are extensions of unnamed terms of Parigot’s Au-calculus [[16]. They are expres-
sions for normal types in the type system. Statements are extensions of named terms of
the Au-calculus. They are expressions for L type.

Substitution E[M/ ] for a classical variable x is defined by the expression obtained
from E replacing each free occurrence of x by M. Substitution E[M/ | for amodal vari-
able y is defined by the expression obtained from E replacing each free occurrence of y
by M. Substitution E[M/,] for a modal covariable « is defined by the result recursively
replacing each subexpression of the form aN in E by M - (N[M/,]). We write E[8/,]
for the expression obtained from E replacing a by S.

An expression with one hole {—} that accepts a term is called contexts. C{M} is the
expression obtained from a context C by putting a term M in the hole. Elimination
contexts (denoted by &) are contexts defined as follows:

&= [al{-} | {-}-N[[al{-}N | let Oy be {-} in § | dia(x.5)({-}).

Then we define substitution E[E/ [a]{—}] for a classical covariable a by the result
recursively replacing each subexpression of the form [a]N in E by &{ M[€/(4)(-}] }. We

sometimes write E[0/,] for E[[B1{=}/[41(-].

Definition 5 (Typing judgments and typing rules). A modal typing context (denoted
by 2)is a set y1 : A1,...,xn : A, of modal variable declarations. A classical typing
context (denoted by I') is a set x; : By,..., X, : B, of classical variable declarations. A
classical typing cocontext (denoted by A) isaseta; : Cy,...,a, : C, of classical covari-
able declarations. A modal typing cocontext (denoted by @)isaseta; : Dy,..., a4 : Dy
of modal covariable declarations. We assume that any two variables in a typing context
and cocontext are distinct.

A typing judgment (denoted by J) for the AuS*-calculus takes either the form X;I" -
M: A | 4,0, or the form 2, + §: L | 4,0, We will write 2" + E: T | 4,0 for
denoting the two forms of typing judgments together.

The intuitive meaning of a typing judgment J is given by the sequent J~ of CNDS*
defined as follows. If J is 231" + M: A | 4;0, then J~ is defined by 27;I~ Fnp
A, 47,07, where 2™ is Ay,..., A, if 2 is y1: Ay,...,xn: Ap, 718 By, ..., By, if ['is
X1: Bl X B, 4718 Cy, ..., Cpifdisay: Cy,...,a,: Cp,and @ is Dy, ..., D,
if@isai: Dy,...,ay: Dy Wealsogive J” by 271 rnp 47;07 i Jis 25T S0 L |
4; 0. The computational interpretation of typing judgments of the A**-calculus will be
discussed in Section[3

Definition 6 (Typing rules). The typing rules for the Au’*-calculus are defined as
follows.

(AxC) (AxM)
2 hx:Arx: A 4,0 2x ALy A 4,0
2 x:ArM: B 4,0 =D 2. 't M:ADB 4,0 X;I'+N:A 4,0 = E)
2+ AxM: ADB 4,0 2. '+ MN:B 4,0
2 x:ArS: L 4,0 2 NeM:=A 4,0 X;T'eN:A 4,0
(=) (=E)

2N Ax.S:—=A 4,0 22t M-N: 1L 4,60
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2, FM:A ;0 @n 25 FrM:0A 4,0 X, x:A;TFS: L 4,0 (QE)
2;'roM: oA 4,60 2;rletoybeMinS: L 4;60
2SS 1L 4;0,a: A 2 TEM: QA 4,0 Xyx:ArS: L ;0

M) oA - * (OE)

2 -0a.S: CA 4,0 2 Irdiax.S)Y(M): L 4,0

e M: A 4,0

P
STraM: L A4:0.q: 4 TO5W
2:C-M: A A, 2T 1 Ad,a: A;
LF O pussey IS @ A0
2 lalM: L 4d,a: A; 0 2FrpaS:A 4,0

Note that J is derivable in Au5* implies J~ is provable in CNDS*. On the other hand,
we can extract expressions of AuS* from proofs of CNDS*. Each inference rule (AxC),
(AxM), O D), ( E), (1), (=E), (@l), @E), (S1), or (GE) of CNDS is interpreted as
the typing rule of Au* with the same name. (Passy,) simulates (IR).

Definition 7 (Reduction). The one-step reduction relation — is defined as the com-
patible closure of the following reduction rules.

(BD) (Ax.M)N — M|N/,]

B-) (Ax.S)-N— S[N/4]

(Bo) letoybeoMinS — S[M/,]

(BO)  dialx.S)Oa.R) — R[AxS/,]

(u>D) (ua.S)YN — ub.S [[b]{—}N/[a]{_}] (b ¢ FV(S)UFV(N))

() (ua.S) N — S[=1N/ gy

(uo) let Oy be (ua.S)in R — S[let E‘XbE{—}inR/[a]{_}]

@) dia(x.R)(ua.S) — S [dia(x.R)(—)/[a]{_}]

(rn) [blua.S — S[[b]{—}/[a]{_}]

(muw) palalM — M (a ¢ FV(M))

We write —* and —* for the transitive closure and the reflexive transitive closure
of —, respectively.

An expression E is called normal if there is no expression F' such that E — F.

We claim that each reduction rule (8 D), (5—), (80), or (8<) is interpreted as the logical
reduction of each connectives in CNDS*. Each reduction rule (¢ D), (u—), (u0), or (<)
is interpreted as the structural reduction of each connectives in CNDS*. (rn) and (5u)
are interpreted as identity in CND%,

4 Subject Reduction, Confluence, and Strong Normalization of the
AuS*-Calculus

In this section, we show subject reduction, strong normalization, and confluence of the
AuS#-calculus.

Lemma 5 (Weakening of /1;134). Let X CX, I CI',AC A, and ® C O'. Then if
2T E: T 4,0 is derivable, then 2"; T’ + E: T A’; 0 holds.

Proof. This claim is shown by induction on the structure of E.
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Lemma 6 (Substitution). (1) If 2;I,x: A+ E: T A4;0 and ;T + M: A 4,0 are
derivable, then ;T + E{M/,]: T 4,0 holds.

QIf2x: AsT v E:T A;0 and 2y v M: A ;0 are derivable, then 2T +
E[M]]: T 4;6 holds.

I v E:T Ad,a: A;0 and X1, x: A + E{x}: L 4,0 are derivable, then
2T v E[8/(q)=)]: T 450 holds.

DIy E:T 4;0,a: Aand 25T,x: A v S: L A4;0 are derivable, then
2T+ E[AXS/o]: T 4;0 holds.

OVIf2r v E:T 4;0,a: Aand 251,x: A v Bx: L 4;0 are derivable, then
2T E|B/y]: T 4;6 holds.

Proof. They are shown by induction on the structure of E.

By using substitution lemma, we can show that contraction rules of CNDS* are admis-
sible in AuS*.

Lemma 7 (Contraction of A4i5%). (1) If Z;I,x: A,y: A v E: T | 4;0 is derivable,
then Z;I,y: A+ E[Y/y]: T | 4,0 holds.
Q) IfX,x: A, v: AsT FE: T | 4;0, then X, v: A;T' v E[V/,]: T | 4; 0 holds.
Q) IfZ;T+E:T|4,a: A,b: A;0, then ;T + E[b],]: T | 4,b: A; © holds.
BDIfFS,THE:T | 4;0,a: A,B: A, thenX;T + E[B/y]: T | 4;0,5: A holds.

The types of expressions of AuS* are preserved by reduction.

Proposition 1 (Subject Reduction). If 2;I"' + E: T A4;0 and E — F, then 2T +
F: T 4;0 holds.

Proof. This claim is shown by induction on the structure of one-step reduction with
Lemmal6@l

We will prove strong normalization of the Au*-calculus. An expression is defined to
be strongly normalizing if there does not exist any infinite reduction sequence starting
from the expression.

Theorem 2 (Strong normalization of Au5*). If X" + E : T 4; 0 is derivable in Aus*,
then E is strongly normalizing.

We will show this theorem by giving translation from the Au**-calculus into the Au-
calculus, and using strong normalization of the Ayu-calculus. Strong normalization of
the (second-order) Au-calculus is already shown by Parigot [17].

Parigot’s Au-calculus [16] is given as follows.

Definition 8 (Parigot’s Au-calculus). Types (denoted by 7,0, ...) of the Au-calculus
are defined by:

Types 7:=X|7tD7]| L.

We will write =7 as an abbreviation of 7 > L.

The Au-calculus has A-variables (denoted by x,y,...,x,v,...) and y-variables (de-
noted by a,b,...,a,B,...). We use distinguished p-variables &,¢,... for type L. An
expression (denoted by e) of the Au-calculus is either an unnamed term (denoted by
t,u,...)or anamed term (denoted by n,m,...) defined by:

Expressions e :=1|n
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Unnamed terms == x | Ax.t | # | pa.n,

Named terms n == [a]t.

A typing judgment of the Au-calculus is either the form I" +y, t: 7 | 4 or the form
n: 'y A, where I'isaset Xy Ty,..., Xy T Y15 O1s- .. Xm' Oy Of A-variable decla-
rations, disaseta: 7|,...,a,: T;), oy, ..., 0y 0'; of u-variable declarations. The
p-variable declarations of the type L are not mentioned explicitly in typing judgments.

The typing rules of the Au-calculus are given as follows.

Lx:tryuold Fryt:too|d Tryuit|d

Lxitryxit|ld TryAxu:tdo|4 Frytu:o|4d

I'ryu:t|4d n:lryda:t
lalu: T vy d,a: v Ty opan: v|A4.

We claim that [§]u: I" +y, 4 is derived from I" ky, u: L | d,and I by, pén: L | 4
is derived from n: I' +,, 4, since the u-variable declaration £: L is not mentioned
explicitly in typing judgments.

One step reduction > of the Au-calculus is defined as the compatible closure of the
following relations.

(Beta) (Ax.u)t> ult/x]

Mu)  (ua.n)u> yb.n[[b]{—}u/[a]{_}]

(Rename)  [blua.n > n[lb1=1/[41(-)]

(Eta) ua.laluvu (a is not free in u)

>* and >* are defined as the transitive closure and the reflexive transitive closure of
>, respectively.

Theorem 3 (Strong normalization of Au (Parigot [17]])). Every typable expression is
strongly normalizing in the Au-calculus.

Strictly speaking, strong normalization of the Au-calculus without (Eta)-rule was shown
by Parigot. Strong normalization of the system with (Eta)-rule is also shown immedi-
ately from Parigot’s result.

Here we give a translation (—)® from the Au’-calculus into the Au-calculus. It maps
each modal operator to double negation.

Definition 9 (Translation (-)%). Let A be a normal type in the Au%*-calculus. The
type (A)® of the Au-calculus is defined by:

XT=X  ADBR =@ BT (-4 = A

(DA = ~=(A)® (OA)T = (A,

Let E be an expression of the 4u®*-calculus. The expression (E)$" of the Au-calculus
is defined by using a p-variable & as follows. ’

(x)“;ln =x (/lx.M)g“ = /lx.(M)?“ (MN)“;ln = (M)“,;‘“(N)gn (ua.S )gn = pa.(S )g“

xS = depl (HF (M- NF = [E(MDHFNT)  (alM)E = [a)(M)E

WS =x  (@M)F = [a](xx(M)E)

(DM)‘EJln = /lx.x(M)g“ (letgybe M in S)f;ln = [£]( (M)g“(/l/\(.u{.(S )gn))

(©a$)P = pa($)I  (diaCeSHM)® = [E( MLl ($)T)),
where { and ¢ are different y-variables.

We define (N by x;: (AD™,....x,: (A,)% if " is a classical typing con-
text x;: Ap,...,x,: A, in AuS*. We similarly define (X)® of a modal typing con-
text X, and (4)™ of a classical typing cocontext 4. We also define ——(@)%® by
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ap: o—(BD™, ..., am: ——(B,,)™ if a modal cocontext @ is a;: By,...,an: B,. Then
the judgment (J )g“ of the Au-calculus for a judgment J of the Au**-calculus is given as
follows: ‘

@i T M:A|4;0)8 = (D%, (D® 1y, (ME: (A | (), ~=(0)%,
ETES: LI 40)F = ()3 : (D), (N by, ()8, ~~(0)
This translation preserves typing.

Proposition 2. If J is derivable in 3u’*, then (J)gn is derivable in Au.

Proof. This claim is shown by induction on the derivation of the Au5*-calculus.

The translation satisfies the following property.

Lemma 8. (1) (E)® (V"] = (E[N/ DI and (E)R[N)E" /] = (E[N/, DI hold.
@) (BYE[ENE ()] > (E[N /oS holds.

Proof. (1) is shown by induction on the construction of E. (2) is also shown by induc-
tion on the construction of E.

Definition 10. Let & be an elimination context of the Au*-calculus. Then (8)2“ is de-
fined as follows: ([al{-)" = [al{~}, ([@l{=IN)$" = [al{=}V)F",  ({=}- N =
[f]{—}(N)gn, (let Oy be {-} in S)gn = [§]{—}(/1X~/J§~(S)gn), (dia(x.S)({—}))g“
[EH=)(Axpd (SHF).

Then (S)g“ satisfies the following properties.

Lemma 9. (1) (S{M})gn = (a)gn{ (M);;‘“ } holds.
@) (PO [a)f-)] = (E[E/a)—DE" holds.
3) ©)f uan) > n[@©)" /[q1(—y] holds.

Proof. (1) is shown by the case analysis of &. (2) is shown by induction on E. (3) is
shown by the case analysis of &.

The translation (-)§* maps each one-step reduction of the Au**-calculus to one or more
steps reduction of the Au-calculus.

Proposition 3. If E — E’ in Au’*, then (E){* >+ (E')§" in .

Proof. The claim is proved by induction on the construction of E — E’ by using
Lemmas [§ and 0l We show the cases of (80), (8<), (ud), and (u<)-rules. The case
of (B0O) is shown as follows: (let Oy be OM in S)gn = [f]((DM)?“(/l)(.y{.(S )g“)) =
E1( (e x(DETY Dy ($)E) ) B [ (s (I ) o (£ ((SP[MDE ) =
[Elus . (S[M/ X])gn > (S[M/ X])gn. The case of (B) is shown as follows:
(diaCeRY(O@.S N = [EI((0a-)PUrul.(RF) = €1 (ua(SAXRE)) >
(€1l (S )?ﬂ[[{]{—}(ﬂxﬂ)gﬂ“/[a]{_}] > (S )gn[[f]{—}(Ax.R)gt‘“/[a]{_}] >* (S[AxR/o g The
rules (u0) and (u¢) are written together by &{ua.S} — S[&/(4)(-)], where &
is an elimination contexts. Then these cases are shown using by Lemma [9] as fol-

lows: (&(uaS P = @l wa.sS)F) = ©F{ paS)F) & PO /jay-)] =
(S[&/1ayi-1DE™
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We complete the proof of strong normalization of the AuS*-calculus.

Proof (Theorem[2)). Assume that E is typable in Au5* and there is an infinite reduction
sequence E — E; — ... starting from E. Then (E)gn >+ (El)gn >t (Ez)gn >*...isan
infinite reduction sequence starting from (E)gn by Proposition[3 Since (E )g“ is typable
in Au by proposition2] it contradicts Theorem[3l ‘

Finally, we will show confluence of the Au**-calculus.

Proposition 4 (Local confluence of 1,5%). IfE —s E| and E — E,, then there exists
E; that satisfies E, —* E3 and E; —* Es for any expressions E, E\, and E» of A%,

Proof. This claim is shown by induction on the structure of E.

Confluence of the AuS*-calculus is immediately shown by using Theorem 2] Proposi-
tion ] and Newman’s lemma [[14].

Theorem 4 (Confluence of 1u’*). If E —* E| and E —* E,, then there exists Es
that satisfies Ey —* E3 and E; —* E3 for any expressions E, E1, and E, of A%

5 Discussions

(1) Syntax sugars. We define an additional term let Oy be M in N as an abbreviation
of yua.let Oy be M in [a]N. This term validates the following rules:
2 x:AATEN:BlA4;0 25T M: DA | 4,0

X;I'rletOybeMinN: B|4;0 , and let Oy be oM in N —* N[M/x].

We also define an additional statement ()M by dia(x.ax)(M). It validates the follow-
ing rules:

2 'eM: OA | 4,60
ZiCr{a)M: L|4;0,a: A, and (B)Oa.S —* S[B/4].

(2) (n)-rules for O and ¢ types. In this paper, we gave only (8) and (u)-rules for
O and ¢ types, since we started from the normalization procedure of CND*, We may
define (n)-rules for O and ¢-operators by:

(no) letOybeMinoOy — M (ais not free in M),

00) CalayM — M (ais not free in M).

Unfortunately, (70) breaks confluency of AuS*. For example, [a]let Oy be M in Oy
is reduced to let Oy be M in [a](Oy) by (rn)-rule, and is also reduced to [a]M by
(nO)-rule.

(3) Computational interpretation of 1°*. Finally, we try to give a computational
interpretation of the Au’*-calculus. The Au’*-calculus is an extension of the modal A-
calculus [4U6] without (77)-rules. Davies and Pfenning [4] showed the modal A-calculus
provides a framework for studying computation in stages. A value of type OA is con-
sidered as a program which can be used at any later stages. Thus they interpreted a type
DA as a type of program codes of type A. By taking the dual statement, a type ¢A will
be interpreted as a type of programs that can be used at some later stage.

A judgment y: A;x: B+ E: T a: C;a: D of Au5* will be interpreted as follows: If
each modal variable y is supplied a program code of type A, and each classical variable
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x is supplied a value of type B, then evaluation of the expression E will either return a
value of type T, or pass a value of type C to some classical variable a, or pass a program
of type D that will be used at some later stage to some modal variable .

Each expression for possibility operator is interpreted as follows. A statement oM
passes the value of M to a. A term ¢«.S returns a value which is passed to @ in §'.
These interpretations are similar to those of [a]M and wua.S . The different point is that
the returned value of ¢a.§ is used at some later stage though the returned value of ua.S
is used at the current stage. A statement dia(x.R)(M) receives the output from M at
some later stage, and passes it to the continuation Ax.R. The continuation dia(x.R)(—)
is understood as a package of the continuation Ax.R, and keeps waiting for input val-
ues exceeding stages. We call this a persistent continuation as the dual counterpart of
persistent code [24].

(4) Staged computation with exception handling. As a possible application of per-
sistent continuations, we give an example of staged computation with exception han-
dling. We will informally assume the call-by-value Au5* with a recursion operator fix ,
if-then-else expression, and the types int (integers) and list (lists of integers). By
using expressions of the Au-calculus, exception operators catch and throw are repre-
sented as follows: catch a.M := pa.[a]M, and throw (a, M) := ub.[a]M. For example,
let us consider the following program with catch and throw operators.

mlist = AN.AL.catch a.(mul N L)
mul = fix AFAN.AL. if N =0 then 1 else
if L =nil then | else
if hd(L) = 0 then throw (a,0) else hd(L) = (F (N — 1) t1(L)).

The function mlist of type int D 1list D int takes an integer N and a list L as its
inputs, and mul recursively multiplies the first N elements of L. If mul encounters an
element O during the calculation, then throw (a, 0) throws exception to catch operator
in mlist, and mlist immediately returns 0. However, we cannot write a staged pro-
gram using catch and throw that generates a program code of (mlist N) when the
argument N is statically known, because catch and throw must be used in the same
scope of a O-operator. For example, the program catch a.0(throw (a, 0)) is not valid,
since the classical covariable a occurs freely in the scope of O-operator.
On the other hand, the following new operators can be defined in Au5*:

catchga.M = OGala)yM, and throws(a, M) := OBL(a)M (B is not free in M).
They operate similar to catch and throw by assuming (7<)-rule:

catchea.V—*V (aisnotfreein V, and V is a value),

catchgya.(throvg(a, M)) —* M (a is not free in M),

Op.dia(x.Ry(throvy(a, M)) —* throws(a, M).

We claim that catchsand throwgcan be used if they are not in the same scope of a
O-operator. For example, the program catchsa.0(throws(a,0)) is a valid program,
since the modal covariable @ can occur freely in the scope of O-operator. We also define
a term cast(M) by Ga.aM, where « is not free in M. The meaning of cast(M) is
that the value of M will be used at some later stage. This term takes out the inside
continuation by unpacking a persistent continuation, and passes the value of M to the
inside continuation. Thus, dia{x.R)(cast(M)) is reduced to (Ax.R)M.
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We then define the function mlistg of type int D O(list D ¢int) as follows.
mlistg(N) = let Oy be (mulgN) in O(AL.catchgya.(yL)),
mulg = fix AF.AN. if N =0 then O(AL.cast(l)) else let Oy be F(N — 1) in OP(y),
P(y) =AL.if L =nil then cast(l) else
if hd(L) = 0 then throw,(e,cast(0)) else ¢p.dia(x.Bthd(L)* x))(x t1(L)).

The term mlistg(n) generates a program code of type O(list D <¢int) that
calculates the multiplication of the first n elements of the input list. The term
(mulgn) is reduced to O(P*(AL.cast(l))), where P*(M) is P(...P(M)...) (n times
of P). Thus the term mlistg(n) is reduced to O(AL.catchesa.P"(AL .cast(1))L).
Hence unbox(mlistg(4))[2,4,1,3,5] is reduced to catchsa.OB.dia{xBR2 * 4 x
1 % 3 % x))(cast(l)), and then cast(24) is obtained. where unbox(M) is
let Oy be M in y. On the other hand, unbox(mlistg(4))[2,4,0, 3,5] is reduced to
catchga.0pf.dia{ x.f(2*4+x) )(throwe (@, cast(0)), and then it reduced to cast(0) by
catchg/throwsmechanism. This simulates the catch /throw mechanism in mlist.

6 Conclusion and Future Work

We proposed a new natural deduction system CNDS* for classical S4 modal logic. This
system was an extension of Parigot’s Classical Natural Deduction for classical logic.
We then introduced the AuS*-calculus as a computational extraction of CNDS*, and
showed subject reduction, confluency, and strong normalization. In the previous sec-
tion, we discussed computational interpretation of the possibility operator introducing
the notion of persistent continuation. As we observed, the possibility operator enabled
the necessity operator to provide a theoretical framework for staged computation with
exception handling.

Our future work is as follows. (1) The call-by-value AuS*-calculus: The calculus
given in this paper is based on call-by-name. We can also give the call-by-value vari-
ant of Au5*-calculus, which is informally considered in Section[5] CPS based analysis
is deeply related to call-by-value systems. It will give us a new approach for studying
computational aspect of classical modal logic. (2) Formulation and application of per-
sistent continuations: For the clearer understanding of the possibility operator, persistent
continuations should be explored more deeply in the further work. (3) Computational
duality in classical modal logic: The Au’S*-calculus is given by adding the necessity and
possibility operators to the Au-calculus in a symmetric way. This means that the duality
between call-by-value and call-by-name of classical logic will be naturally extended
to classical modal logic. This expected result will give us an approach for studying
persistent continuations.

References

1. Bierman, G.M., de Paiva, V.: On an intuitionistic modal logic. Studia Logica 65(3), 383-416
(2000)

2. Curien, P.L., Herbelin, H.: The duality of computation. In: Proceedings of the Sth ACM
SIGPLAN International Conference on Functional Programming, ICFP, pp. 233-243 (2000)

3. Davies, R.: A temporal-logic approach to binding-time analysis. In: Proceedings of 11 th
Annual IEEE Symposium on Logic in Computer Science, pp. 184-195. IEEE Computer
Society Press, Los Alamitos (1996)



258

4.

S.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

D. Kimura and Y. Kakutani

Davies, R., Pfenning, F.: A modal analysis of staged computation. Journal of the ACM 48(3),
555-604 (2001)

de Groote, P.: On the relation between the lambda-mu-calculus and the syntactic theory of
sequential control. In: Pfenning, F. (ed.) LPAR 1994. LNCS, vol. 822, pp. 31-43. Springer,
Heidelberg (1994)

Ghani, N., de Paiva, V., Ritter, E.: Explicit Substitutions for Constructive Necessity. In:
Larsen, K.G., Skyum, S., Winskel, G. (eds.) ICALP 1998. LNCS, vol. 1443, pp. 743-754.
Springer, Heidelberg (1998)

Griffin, T.G.: A formulae-as-types notion of control. In: Proc. of the 1990 Principles of Pro-
gramming Languages Conference, pp. 47-58. IEEE Computer Society Press, Los Alamitos
(1990)

Groote, P.D.: An environment machine for the Au-calculus. Mathematical Structures in Com-
puter Science 8(6), 637-669 (1998)

Kakutani, Y.: Duality between Call-by-Name Recursion and Call-by-Value Iteration. In:
Bradfield, J.C. (ed.) CSL 2002. LNCS, vol. 2471, pp. 506-521. Springer, Heidelberg (2002)
Kakutani, Y.: Call-by-Name and Call-by-Value in Normal Modal Logic. In: Shao, Z. (ed.)
APLAS 2007. LNCS, vol. 4807, pp. 399-414. Springer, Heidelberg (2007)

Kimura, D.: Duality between Call-by-value Reductions and Call-by-name Reductions. IPSJ
Journal 48(4), 1721-1757 (2007)

de Paz, M., Medeiros, N.: A new S4 classical modal logic in natural deduction. Journal of
Symbolic Logic 71(3), 799-809 (2006)

Nanevski, A.: A Modal Calculus for Exception Handling. In: The 3rd intuitionistic modal
logics and applications workshop (2005)

Newman, M.H.A.: On theories with a combinatorial definition of “equivalence”. Annals of
Mathematics 43(2), 223-243 (1942)

Ong, C.-H.L., Stewart, C.A.: A Curry-Howard foundation for functional computation with
control. In: Proc. of the Symposium on Principles of Programming Languages, pp. 215-227
(1997)

Parigot, M.: Au-calculus: an algorithmic interpretation of classical natural deduction. In:
Voronkov, A. (ed.) LPAR 1992. LNCS, vol. 624, pp. 190-201. Springer, Heidelberg (1992)
Parigot, M.: Strong normalization for second order classical natural deduction. In: Proceed-
ings of Eighth Annual IEEE Symposium on Logic in Computer Science, pp. 39—46 (1993)
Pfenning, F., Davies, R.: A judgmental reconstruction of modal logic. Mathematical Struc-
tures in Computer Science 11, 511-540 (2001)

Prawitz, D.: Natural Deduction: A Proof-Theoretical Study. Almgqvist and Wiksell,
Stockholm (1965)

Selinger, P.: Control Categories and Duality: on the Categorical Semantics of the Lambda-
Mu Calculus. Mathematical Structures in Computer Science, 207-260 (2001)

Shan, C.-C.: A Computational Interpretation of Classical S4 Modal Logic. In: The 3rd intu-
itionistic modal logics and applications workshop (2005)

Taha, W., Sheard, T.: MetaML and multi-stage programming with explicit annotations. The-
oretical Computer Science 248(1-2), 211-242 (2000)

Wadler, P.: Call-by-Value is Dual to Call-by-Name — Reloaded. In: Giesl, J. (ed.) RTA 2005.
LNCS, vol. 3467, pp. 185-203. Springer, Heidelberg (2005)

Yuse, Y., Igarashi, A.: A modal type system for multi-level generating extensions with persis-
tent code. In: Proceedings of the 8th ACM SIGPLAN Symposium on Principles and Practice
of Declarative Programming, pp. 201-212 (2006)



	Classical Natural Deduction for S4 Modal Logic
	Introduction
	Classical Modal Propositional Logic
	Modal $\lambda\mu$-calculus
	Subject Reduction, Confluence, and Strong Normalization of the ${\lambda\mu}^{S4}$-Calculus
	Discussions
	Conclusion and Future Work



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




